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Quantum correlations and entanglement in identical-particle systems have been a puzzling ques-
tion which has attracted vast interest and widely different approaches. A novel approach is intro-
duced by Kraus et al., [Phys. Rev. A 79, 012306 (2009)] based on pairing correlations in fermionic
systems and the use of witness formalism to detect pairing. In this contribution, this approach
has been extended to bosonic systems and separability bounds based on pairing correlations for
fermions and bosons have been obtained. A two-particle annihilation operator is used for construct-
ing a two-particle observable as a candidate witness. Two different types of separability definition is
introduced for bosonic systems and the separability bounds associated with each type are discussed.
I. INTRODUCTION
Quantum theory allows correlations that cannot be de-
scribed classically. Bell-type correlations were the first to
be understood as unique quantum correlations that have
no classical counterpart [1]. By invalidating local hidden-
variable theories, Bell correlations show that quantum
theory is not a locally realistic theory, i.e., displays non-
local correlations. A large class of entangled states ex-
hibit nonlocal correlations, for instance; pure bipartite
entangled states of any number of particles [2, 3]. De-
spite this relation between entangled states and nonlo-
cality, these two concepts are not synonymous: there are
entangled states that do not have nonlocal correlations
[4] and nonlocality can be observed without entangle-
ment [5]. From quantum information theoretical point
of view both entanglement and nonlocality are viewed as
resources for quantum information tasks, albeit of differ-
ent kinds [6]. In some quantum information processing
scenarios such as teleportation, quantum key distribu-
tion protocols and quantum communication tasks, en-
tanglement is interpreted as a resource shared between
spatially separated systems. In these scenarios, there are
two or more distinguishable particles (or systems) which
are entangled or correlated through a quantum channel.
In all these tasks distinguishability of the shared sys-
tems allows local agents to use local operations and clas-
sical communications (LOCC) to modify the entangled
states for the information processing tasks they are try-
ing to achieve. Since each system is locally accessible, the
fermionic or bosonic nature of particles and issues associ-
ated with identical particles are irrelevant and effectively
these particles are distinguishable [7].
The advances in entanglement theory [8], entanglement
measures [9] and detecting entanglement [10] have found
widespread applications in many-body and condensed-
matter systems [11]. In many-body systems, particle-
exchange symmetry necessitates the use of an antisym-
metric or a symmetric wavefunction. Even for uncor-
related particles, use of Slater determinants for fermions
∗ e127474@metu.edu.tr
and permanents for bosons create an impression of entan-
glement. However, when the same state is represented by
occupation number formalism in the Fock space this im-
pression is lost [12]. According to one approach, this im-
pression is a by-product of the use of quantum statistics
and obscures the definition of entanglement and this can
be avoided by making the observation that this appear-
ance of entanglement is not real since indistinguishable
particles are not addressable [7, 13–20]. Following this
conclusion, there are a number of proposals to resolve the
question of how to define and quantify entanglement in
identical-particle systems, which can be categorized into
two groups: (i) Quantum Correlations [7, 14, 15, 17, 20]
and (ii) Entanglement of modes [13, 18, 19, 21]
(i) In Ref. 7 Schliemann et al. propose a Slater-rank
criterion for quantum correlations of fermions. An exten-
sion of this work to bosons can be found in [20]. (ii) In
[18, 19], Zanardi et al. claim that entanglement is rela-
tive to a tensor product structure based on partitioning
(modes) of the system and the partitioning, naturally,
relies on the locally accessible observables. Therefore,
entanglement is observable induced.
In [12] Wiseman and Vacarro compare and review the
two different approaches. They argue that, the quantum
correlations of [20] give different results for fermions and
bosons which are in the same bipartite state in mode-
occupation representation. Also, note that quantum cor-
relations do not comply with the LOCC paradigm. Wise-
man and Vacarro continue that entanglement of modes
are only meaningful if particle number conservation is
taken into account when partitioning identical particles
into spatially distinguishable parties.
A completely different approach is introduced in [22],
where authors argue that exchange symmetry causes
indistinguishable particles to be strongly entangled.
There are proposals of extracting this kind of entan-
glement and registering onto spatially distinguishable
modes, aiming to access entanglement coming from
(anti)symmetrization [23–25].
Whichever definition of entanglement is employed, the
associated separable states, which are defined as mixtures
of unentangled states, form a convex subset S of all possi-
ble states. This convex set can be equivalently described
by the set of its tangent hyperplanes. Such a description
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2is usually employed with the witness formalism[26]. An
entanglement witness is a Hermitian operator W that has
non-negative expectation values in all separable states
and a negative expectation value in some state, i.e.,
(i) 〈W 〉 = tr (ρsepW ) ≥ 0 ∀ ρsep ∈ S
(ii) 〈W 〉 = tr (ρW ) < 0 ∃ ρ /∈ S
Expressed differently, this formalism describes entangle-
ment and separability by using the expectation values of
observables.
Kraus et al. [27] proposed using the witness formal-
ism for the description of particle correlations in many-
fermion systems. They define the product states as states
with a definite numberN of fermions and having the form
|Ψ〉 = c†1c†2 · · · c†N |0〉 , (1)
where c†i are fermion creation operators and |0〉 is the
vacuum state. In other words, product states are states
with Slater rank 1, which corresponds to unentangled
states of Schliemann et. al [7] . A mixed state is called
separable if it can be expressed as a mixture of product
states. Finally, a correlated many-fermion state is any
state which is not separable. The characteristic property
of the correlated states is of course the expectation values
of some observables that somehow incorporate the corre-
lations between the particles, which are distinct from the
corresponding expectation values in separable states in
some way. The witness formalism enables us to qualify
and quantify that distinction and therefore can be used
for detecting particle correlations.
It appears that, expectation values of single-particle
operators, i.e., operators of the form
∑
Bi,jc
†
i cj , cannot
be used as a witness. At least two-particle operators of
the form
∑
B′ij,k`c
†
i c
†
jc`ck, perhaps in conjunction with
single-particle operators, are needed to build a witness.
Kraus et al. then define a particular kind of correlation,
the pairing correlation, as the one that can be detected
by a two-particle observable. Pairing does not capture all
possible many-body correlations among fermions because
there are correlated states which do not display pairing
correlations. Kraus et al. then propose and discuss sev-
eral two-particle witnesses and measures of pairing cor-
relations in fermionic systems.
The purpose of this contribution is to use the same
approach in quantifying pairing correlations in bosonic
systems as well. In Section II, the basic witness operator
that will be used is introduced. After a brief review of
fermionic case, bosonic product states are defined and the
formalism is applied to bosons. Finally, a brief conclusion
is given.
II. PAIRING WITNESS
Out of infinitely many possible pairing witnesses, some
choice has to be made based on its amenability to ana-
lytic treatment. For this purpose, this article concen-
trates on observables of the form Q†Q, where Q is a 2-
particle annihilation operator, which can in general be
written as
Q =
1
2
∑
ij
Aijcicj ,
where A is some complex square matrix and ci are anni-
hilation operators corresponding to orthonormal single-
particle states. The matrix A should be anti-symmetric
for fermions and symmetric for bosons. It is possible
to simplify the form of Q by using passive transforma-
tions of the form ci −→ c′i =
∑
j(U
−1)ijcj where U
is unitary. In such a case, the matrix A transforms as
A −→ A′ = UTAU , where superscript T represents ma-
trix transposition, i.e., A changes by unitary congruence.
By a suitable choice of U , it is possible to choose single-
particle states such that (i) A is block diagonal with 1×1
zero or 2×2 anti-symmetric blocks for the fermionic case
and (ii) A is diagonal for the bosonic case[28]. In addition
to this, the matrix elements of A can be made real. It
will be assumed that such a redefinition has been made.
In other words, in the most general case, the Q operator
can be expressed as
Q = A1c1c2 +A2c3c4 + · · ·+Arc2r−1c2r (fermions) ,
(2)
Q =
1
2
(A1c
2
1 +A2c
2
2 + · · ·+Arc2r) (bosons) , (3)
where A1, . . . , Ar are positive real numbers. The number
of terms r will be called as the rank of Q. It is necessary
for detecting pairing correlations that r ≥ 2. There is
an arbitrariness in the choice of the single-particle states
that enter into the definition of Q. But, once this choice
is made, the standard basis of single-particle states will
be redefined such that Q depends on the the first 2r / r
states of this basis for fermions/bosons. The coefficients
Ai can in principle be different from each other. However,
to be able to obtain closed-form analytical expressions,
only the choice A1 = A2 = · · · = Ar = 1 is considered in
this article.
Let Λsepr,N be the largest expectation value of Q
†Q for
separable states and for rank r operator Q, i.e.,
Λsepr,N = sup
ρsep
tr ρsepQ
†Q = sup
|Ψprod〉
〈Ψprod|Q†Q|Ψprod〉 ,
(4)
where the supremum is taken over the separable states
ρsep, or equivalently it is taken over the pure product
states |Ψprod〉. After that, the observable
W = Λsepr,N1−Q†Q (5)
can be a possible candidate for a witness. A negative
expectation value of W , in other words, satisfaction of
the 〈Q†Q〉 > Λsepr,N inequality, indicates a correlated state.
Let λr,N denote the maximum eigenvalue of Q
†Q. If
λr,N > Λ
sep
r,N holds, then W can be used as a witness for
some correlated states.
3A. Fermionic Case
One of the possible pairing tests discussed by Kraus
et al. is quite similar to the witness in Eq. (5). For this
reason, only a brief summary and a few extra details will
be given in here. Let ci represent the annihilation oper-
ators for normalized, mutually orthogonal single-particle
states (the standard basis states). Among these states,
the first 2r orbitals are chosen to define the Q operator
by
Q =
r∑
i=1
c2i−1c2i = c1c2 + c3c4 + · · ·+ c2r−1c2r . (6)
For the product state formed by a subset of standard
basis states
|Ψ〉 = c†k1c
†
k2
· · · c†kN |0〉 , (7)
the expectation value 〈Q†Q〉 is equal to the number of i
(1 ≤ i ≤ r) such that both 2i−1 and 2i are occupied (i.e.,
both labels are in the list of occupied states k1, . . . , kN .)
For N ≥ 2r, the expectation value can be maximized by
occupying all of the first 2r single-particle states, in which
case 〈Q†Q〉 = r. For the remaining cases of N < 2r,
it can easily be seen that the maximum is obtained by
occupying the first N orbitals consecutively. By using
the technique used by Kraus et al., it can be easily shown
that these are also the maxima over all separable states.
Consequently, the separable-state maximum of 〈Q†Q〉 for
N -fermion states is given by
Λsepr,N =
{ bN2 c for N < 2r ,
r for N ≥ 2r , (8)
where bxc denotes the integer-part (floor) function.
For computing the maximum eigenvalues λr,N , it is
useful to notice that SU(2) algebra relations, [Ji, Jj ] =
i
∑
k ijkJk, are obeyed by
Jx =
Q+Q†
2
(9)
Jy = i
Q−Q†
2
(10)
Jz =
NQ − r
2
(11)
where
NQ =
2r∑
i=1
c†i ci (12)
is the number of particles in the first 2r orbitals. The
corresponding ladder operators are Q = Jx − iJy and
Q† = Jx+ iJy. By using the well-known angular momen-
tum algebra, it is straightforward to find all eigenstates
and eigenvalues of Q†Q = J2 − J2z + Jz. Therefore, if
(i) |ψ0〉 is a state annihilated by Q and (ii) it is also an
eigenstate of NQ with eigenvalue ν, then ν ≤ r should be
satisfied and
|ψ〉 = (Q†)µ |ψ0〉 (0 ≤ µ ≤ r − ν) (13)
is an eigenstate of Q†Q with eigenvalue µ(r− ν −µ+ 1).
All eigenstates of Q†Q can be obtained by this proce-
dure. Finding the maximum eigenvalue of Q†Q among
N -fermion states is straightforward but tedious. The fi-
nal result is
λr,N = max
0≤µ≤r,N/2
µ(r + 1− µ) (14)
=
{ bN2 c(r + 1− bN2 c) for N < 2b r+12 c ,b r+12 cd r+12 e for N ≥ 2b r+12 c , (15)
where dxe represents the “ceiling” function, the smallest
integer greater than or equal to x.
For the two trivial cases of N = 1, for which there
can be no correlations, and r = 1, for which 〈Q†Q〉 does
not contain pairing information, λr,N = Λ
sep
r,N holds and
therefore W is not a witness. Apart from these, there is
one non-trivial situation where the Q operator has rank
r = 2 and the number of particles is N ≥ 4, for which
case λ2,N = Λ
sep
2,N = 2 holds. Consequently, the current
approach cannot detect any pairing correlations for such
a situation. It is interesting to see if a rank r = 2 operator
in the general form of Eq. (2) with A1 6= A2 can function
as a witness for N ≥ 4. It can be shown that, for Q =
A1c1c2+A2c3c4, the maximum eigenvalue of Q
†Q is A21+
A22 with the corresponding eigenstates being
|Ψ1〉 = c†4c†3c†2c†1 c†k1 · · · c
†
kN−4 |0〉 , (16)
|Ψ2〉 = (A1c†2c†1 +A2c†4c†3)c†k1 · · · c
†
kN−2 |0〉 , (17)
where kσ ≥ 5. Since the topmost form of the states in
the above list are already product states, λ2,N = Λ
sep
2,N
equality keeps holding. The rank 2 case appears to be an
important deficiency of the current approach.
For the cases r > 2 and N ≥ 2, the strict inequality
λr,N > Λ
sep
r,N holds, and therefore the associated witness
can be used to detect correlations. It can also be ob-
served that, as the rank r increases, the ratio λr,N/Λ
sep
r,N
becomes larger without a bound. This means that large
r values should be preferred for overcoming the effects of
measurement uncertainties.
B. Bosonic Case
It appears that there are two possible reasonable ways
to implement the product-state definition in Eq. (1) to
bosons. Let ci (i = 1, 2, . . . ,M) be boson annihilation op-
erators corresponding to an orthonormal set of M single-
particle states. For any arbitrary single-particle state
φ = (φ1, . . . , φM ), here considered as an M -dimensional
(matrix) vector, the corresponding annihilation operator
is defined as
c(φ) =
M∑
i=1
φ∗i ci . (18)
4The canonical commutation relations can then be ex-
pressed as
[c(φ), c†(χ)] = 〈φ|χ〉 =
M∑
i=1
φ∗iχi and [c(φ), c(χ)] = 0 .
(19)
An N -particle bosonic product state can be defined as a
state of the form
|Ψ〉 = (const)c†(φ1)c†(φ2) · · · c†(φN )|0〉 (20)
where φ1, φ2, . . . , φN are some single-particle states and
(const) refers to a normalization constant. The following
alternative definitions of product states impose different
additional conditions on the single-particle states.
1. Type 1 product states are those |Ψ〉 where the
single-particle states φ1, φ2, . . . , φN are either mu-
tually orthogonal or mutually identical. In this
case, there is an orthonormal set of single particle
orbitals α1, . . . , αp and the state is
|Ψ〉 = (c
†(α1))m1√
m1!
· · · (c
†(αp))mp√
mp!
|0〉 (21)
i.e., state αb is occupied by mb bosons and there
are N = m1 + · · ·+mp bosons.
2. Type 2 product states are those |Ψ〉 where the
single-particle states φ1, φ2, . . . , φN are not re-
quired to satisfy additional conditions, i.e., φi and
φj are not required to be either identical or orthog-
onal and the overlap 〈φi|φj〉 can have any value.
Obviously, type 1 product states form a subset of type
2 states, and the same subset relation holds for the corre-
sponding separable states. Unfortunately, the separable-
state limit Λsepr,N cannot be computed in a closed-form an-
alytical expression for type 2 states. This is the principal
reason for defining type 1 product states as an alternative
definition. Below, analytical expressions for Λsepr,N will be
given for type 1 separable states and only a few numerical
computations will be provided for type 2 states.
For bosons, the standard basis for single-particle states
is assumed to be chosen such that the Q operator appears
as
Q =
1
2
r∑
i=1
c2i , (22)
In this case, the associated commutation relations are as
follows,
[Q,Q†] = NQ +
r
2
, (23)
[NQ, Q
†] = 2Q† , (24)
where
NQ =
r∑
i=1
c†i ci (25)
is the number of bosons in the first r-states. Conse-
quently, the three operators, Q, Q† andNQ+r/2 generate
the Lie algebra SL(2,R) associated with the special linear
group of 2× 2 real matrices. In parallel to the fermionic
case, the operators Q and Q† act as ladder operators for
the common eigenstates of Q†Q and NQ.
All common eigenstates and the corresponding eigen-
values of Q†Q and NQ can be found as follows. Let
ν be any non-negative integer (ν = 0, 1, 2, . . .). Let
f(x1, x2, . . . , xr) be νth degree homogeneous polyno-
mial solution of r-dimensional Laplace’s equation in r-
dimensions, (
∂2
∂x21
+ · · ·+ ∂
2
∂x2r
)
f = 0 . (26)
and let g(xr+1, · · · , xM ) be any homogeneous polynomial
of degree ν′. Then the state
|ψ0〉 = f(c†1, . . . , c†r)g(c†r+1, . . .)|0〉 (27)
is a state which is annihilated by Q (i.e., Q|ψ0〉 = 0).
This state is also an eigenstate of NQ with eigenvalue ν
and the total number of bosons is N = ν + ν′. Let µ be
another non-negative integer. Then
|ψ〉 = (Q†)µ|ψ0〉 (28)
is a state with N = ν + ν′ + 2µ bosons with NQ value
equal to ν + 2µ. It is straightforward to establish that
the corresponding eigenvalue of Q†Q is given by
µ(ν +
r
2
+ µ− 1) .
Using this, the maximum eigenvalue of Q†Q among all
N -particle states can be computed as
λr,N =
{
N(N+r−2)
4 if N is even,
(N−1)(N+r−1)
4 if N is odd.
(29)
In the Appendix, it is shown that the separable-state
bound for type 1 separable states is given as
Λ
sep(type 1)
r,N =
{
N2
4 if N is even,
N2−1
4 if N is odd.
(30)
Unfortunately there is no closed-form expression for the
bound Λ
sep(type 2)
r,N for type 2 separable states. Fig. 1
shows the numerically computed values of the type 2
bound.
An interesting feature of the type 1 bound Λ
sep(type 1)
N,N
is its independence of the rank r. This is related to the
fact that the product state of the form in Eq. (21) that
maximizes the expectation value 〈Q†Q〉 has only p = 2
single-particle states, both of which are inside the linear
span of the first r standard basis states. The value of
〈Q†Q〉 depends only on the overlap between states αk
and their complex conjugates. For this reason, the size
of r never enters into expectation values.
5FIG. 1. Type 2 separable-state bound, i.e., maximum expec-
tation value of Q†Q in type 2 separable states, is plotted as
a function of the total number of particles. The bound also
depends on the rank r. The lowest curve is for r = 2 and the
value of r changes by 1 between two successive curves. Note
that the value of the bound for r > N is identical with the
bound for r = N .
FIG. 2. Type 2 separable-state bound for N = 10 particles
for different values of the rank r. The value r = 2 is equal
to the type 1 bound. Also, note that the bound for r > N is
equal to the bound for r = N .
For type 2 states, the numerical results indicate a de-
pendence on r. In fact, the set of single-particle states
φ1, . . . , φN that maximize 〈Q†Q〉 have different geometri-
cal relations to each other which strongly depends on the
value of r. In all cases, these N single-particle states
appeared within the subspace spanned by the first r
standard-basis states. This implies that, if the rank r is
larger than the number of particles, then the separable-
state bound does not depend on r, i.e.,
Λ
sep(type 2)
r,N = Λ
sep(type 2)
N,N for r > N . (31)
In the non-trivial range 2 ≤ r ≤ N , the bound Λsep(type 2)r,N
appears to be monotonically increasing with r. The de-
pendence of the bound on the rank for the special case
of N = 10 is shown on Fig. 2. In all cases computed,
Λ
sep(type 2)
r,N appeared to be of the same order of magni-
tude as Λ
sep(type 1)
r,N .
It can be seen that, experimental detection of pairing
correlations between identical bosons can be challenging
because of the smallness of the size of the violation. The
following can be checked for type 1 states,
λr,N
Λ
sep(type 1)
r,N
∼ N + r
N
, (32)
which continues to hold within the same order of mag-
nitude for type 2 states. Consequently, for systems with
a large number of particles, the margin of detection of
pairing correlations is rather tight. One must either re-
sort to high rank schemes r ∼ N , or reduce measurement
uncertainty.
1. Rank 2 case
Similar to the fermionic case, the special case of
rank r = 2 does not yield a valid witness as λ2,N =
Λ
sep(type 1)
2,N = Λ
sep(type 2)
2,N holds. The equality of
Λ
sep(type 2)
2,N has only been verified numerically: It appears
that the optimum single-particle states φ1, . . . , φ2 that
maximize 〈Q†Q〉 for type 2 states are dispersed into two
orthogonal states. In other words, the optimum type 2
separable state is also a type 1 state. In addition to this,
the maximum eigenvalue of Q†Q also coincides with these
bounds and hence there is no witness.
It is possible to do a similar calculation and see if this
is an artifact of the assumption A1 = A2 in the general
form in Eq. (3). For this purpose consider
Q =
1
2
(
A1c
2
1 +A2c
2
2
)
(33)
where A1 6= A2 and see if it is possible to get a non-trivial
witness. Note that, eigenstates of Q†Q can be expressed
in the form,
|Ψ〉 = f(c†1, c†2) c†k1 · · · c
†
km
|0〉 (34)
where kσ ≥ 3 and f(x1, x2) is a homogeneous polyno-
mial of two variables. By the fundamental theorem of
algebra, this polynomial can be written as a product of
homogeneous polynomials of degree 1. Consequently, all
eigenstates of Q†Q can be described as type 2 product
states and therefore
λ2,N = Λ
sep(type 2)
2,N . (35)
6This shows that, as far as type 2 separability is concerned,
it is not possible to build a witness from Q operators of
rank 2. As type 1 separable states form a proper subset
of type 2 states, it appears that type 1 witnesses are still
possible with rank-2 Q operators.
III. CONCLUSIONS
In conclusion, it is shown that by borrowing entangle-
ment witness formalism, pair correlation measurements
for bosonic many-particle systems can be performed, sim-
ilar to [27]. Separability bounds have been calculated for
the observable (5) for two different kinds of separability;
either the single-particle orbitals are from an orthonor-
mal set, for type 1 separability, or they can have a non-
zero overlap for type 2 separability. Type 2 separability
reflects the fact that mixing two unpaired bosonic sys-
tems should not create pairing owing to the only fact
that single particle orbitals have non-zero overlap. Type
1 separability is a special case of type 2 separability. A
closed form analytical expression has been provided for
separability bound for type 1 states in Eq. (30), however
only numerical results are provided for type 2 states. A
crucial observation on the difference between two types of
separability is that there is no rank dependency for type
1. The differences between the two types of separability
are summarized in the table below.
Type 1 Type 2
Single particle orbitals are
from an orthonormal set
Yes No
Separability bound depends
on the rank of Q
No
for r < N Yes
for r ≥ N No
Witness at rank r = 2 No No
Pairing is a nonclassical effect which arises due to par-
ticle interactions and influenced by indistinguishability.
Extracting entangled electrons from paired ones in su-
perconductors has been demonstrated [29]. Recently, it
is shown that spatially entangled bosons can be extracted
out of Bose-Einstein condensates [30]. Although, pairing
and entanglement are not synonymous, they are interre-
lated and with a better understanding of the relationship
between them, good entanglement sources might be bet-
ter identified. An open question of interest is then the
following: how are interaction sensitive pairing correla-
tions related to the accessible entanglement in different
interaction regimes in many-body systems, such as ultra-
cold gases [31]?
Appendix: Separability bound for Type 1 states
Let |Ψ〉 be the type 1 product state given in Eq. (21).
The expectation value of Q†Q in this state is given by
〈Q†Q〉Ψ =
∑
a<b
|Rab|2mamb +
∑
a
1
4
|Raa|2ma(ma − 1) ,
(A.1)
where
Ra,b =
r∑
i=1
αa,iαb,i , (A.2)
and ma are positive integers that satisfy
∑
ama = N .
It is useful to define the following anti-linear operation
for single-particle states: φ = (φ1, φ2, · · · ) −→ φ∗ =
(φ∗1, φ
∗
2, . . .), which is simply complex conjugation in the
standard basis. The state φ∗ will be called as the conju-
gate of φ. Let P denote the projection to the subspace
spanned by the first r single-particle states. Then, Rab
can be expressed as Rab = Rba = 〈α∗a|P |αb〉, i.e., it is
the overlap between α∗a and αb on the aforementioned
subspace. It can be seen that Dab = |Rab|2 is a p × p,
symmetric, doubly substochastic matrix, i.e.,
p∑
b=1
Dab ≤ 1 .
At this point, it is useful to rewrite the expectation value
in terms of D, 〈Q†Q〉Ψ = f(D) where
f(D) ≡ 1
2
∑
a6=b
Dabmamb+
1
4
∑
a
Daama(ma−1) , (A.3)
and notice that the right-hand side is a linear function of
the matrix elements of D with non-negative coefficients.
For this reason, it is easier to first maximize the above ex-
pression with respect to D and then do the maximization
with respect to the number of particles ma.
However, the restriction Dab = |Rab|2 together with
Eq. (A.2) makes the maximization problem complicated.
To simplify this problem, the following approach is taken:
First, f(D) is considered to be defined on the whole
set of substochastic matrices, which contains both non-
symmetric as well as symmetric substochastic matrices.
We first find the maximum of f(D) on this set, and then
argue that there is a D matrix that produces this maxi-
mum and satisfies the restriction expressed in Eq. (A.2).
As the coefficient of each Dab is non-negative, the max-
imum of Eq. (A.3) takes place on doubly-stochastic D
matrices, (
∑
bDab =
∑
bDba = 1). The set of doubly-
stochastic matrices is a convex set and the maximum of
f(D) is attained at its extreme points. By Birkhoff’s
theorem [28], the extreme points of the set of doubly-
stochastic matrices are permutation matrices, i.e., ma-
trices where each row and each column has a single non-
zero entry which is 1. Consequently, f(D) is maximized
by a permutation matrix D.
7The cycle structure of the permutation represented by
the maximizingD matrix can be determined as follows. If
the permutation has an ` cycle with ` ≥ 2, f(D) depends
on the associated ma values by terms of the form
f(D) = · · ·+ 1
2
(m1m2 +m2m3 + · · ·+m`m1) + · · ·
(A.4)
where indices are re-labeled for convenience. It will be
shown that if ` ≥ 3, then f(D) can be made larger by
reducing the cycle length of the permutation. For ` ≥ 5,
the `-cycle can be replaced by an (`−2)-cycle by conjoin-
ing two alternating label pairs, which makes f(D) larger
because
m`m1 +m1m2 +m2m3 +m3m4 +m4m5 < m`(m1 +m3) + (m1 +m3)(m2 +m4) + (m2 +m4)m5 . (A.5)
Similarly, a 4-cycle can be replaced by a 2-cycle because
1
2
(m1m2+m2m3+m3m4+m4m1) < (m1+m3)(m2+m4) .
(A.6)
And a 3-cycle can be replaced by a 2-cycle, because, if
m1 ≥ m2,m3, then
1
2
(m1m2 +m2m3 +m3m1) < m1(m2 +m3) . (A.7)
It is left to the reader to show that a 1-cycle can be re-
placed by a 2-cycle without decreasing f(D). This estab-
lishes that the permutation associated with D has only
2-cycles. Finally, it is straightforward to see that con-
verting several different 2-cycles into a single 2-cycle will
make f(D) larger. As a result, the maximum is obtained
for p = 2 single-particle orbitals and the corresponding
D (and consequently R) matrix is
D = R =
[
0 1
1 0
]
. (A.8)
It can be seen that these conditions are satisfied by a pair
of mutually orthogonal single-particle states which are
conjugates of each other by the anti-linear relation given
above, i.e., α2 = α
∗
1. Obviously, α1 should be orthogonal
to α∗1 and should be a superposition of only the first r
standard basis states. A simple example that satisfies
the conditions is given by
α1 =
(
1√
2
,
i√
2
, 0, 0, . . .
)
, (A.9)
α2 =
(
1√
2
,
−i√
2
, 0, 0, . . .
)
. (A.10)
Because of this, it can be seen that
Λ
sep(type1)
r,N = max
m1+m2=N
m1m2 (A.11)
=
{
N2
4 if N is even
N2−1
4 if N is odd
(A.12)
Note that, as long as r ≥ 2, the value of r does not change
anything in the derivation above, because there are only
p = 2 single-particle states.
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